A parabolic subalgebra p of a complex semisimple Lie algebra g is called a parabolic subalgebra of abelian type if its nilpotent radical is abelian. The parameters of reducible generalized Verma modules of g attached to p of abelian type, whose unique simple subquotients are unitarizable, are already classified. In this paper, we shall classify all the parameters for scalar generalized Verma modules attached to parabolic subalgebras of abelian type such that the modules are reducible, mainly for non-unitarizable ones.
Introduction
Let g be a complex semisimple Lie algebra, and let p be a maximal parabolic subalgebra of g with Levi decomposition p = l + u + , where l is a Levi factor and u + is the nilpotent radical. Put u 0 = u + and u k = [u + , u k−1 ] for k ∈ Z + . We call u k the kth-step of u + for k ∈ N, where N denotes the set of nonnegative integers. The nilpotent Lie algebra u + is called k-step nilpotent if u k−1 = 0 and u k = 0. In particular, if u 1 = 0 then u + is called abelian, and if dim C u 1 = 1 then u + is called Heisenberg. If the nilpotent radical u + of the parabolic subalgebra p = l + u + is k-step nilpotent (respectively, abelian or Heisenberg), then we say that p is a parabolic subalgebra of k-step nilpotent type (respectively, abelian type or Heisenberg type).
T. Kubo investigated and solved the reducibility of scalar generalized Verma modules of exceptional simple Lie algebras attached to maximal parabolic subalgebras of non-Heisenberg 2-step nilpotent type in [K] . Also, according to T. Kubo, those of Heisenberg type were studied by R. Zierau, but the results were unpublished. In this paper, we shall focus on abelian type.
Suppose that G is a connected real simple Lie group with center Z, and let K be a closed maximal subgroup of G with K/Z compact. Let g be the complexified Lie algebra of G. A unitary representation (π, V ) of G such that the underlying (g, K)-module is a simple quotient of a Verma module of g is called a unitary highest weight module. Harish-Chandra showed that G admits non-trivial unitary highest weight modules precisely when (G, K) is a Hermitian symmetric pair ([HC1] and [HC2] ). Now denote by l the complexified Lie algebra of K. Fix a Cartan subalgebra h of l, and our assumptions on G imply that h is a Cartan subalgebra of g also. Since (g, l) is a Hermitian symmetric pair, we may choose a simple root system ∆ of (g, h) such that the standard Borel subalgebra b satisfying that p := l + b is a parabolic subalgebra of g. According to the classification of the Hermitian symmetric pairs ( [W] ), the nilpotent radical of p must be abelian and hence p is a parabolic subalgebra of abelian type. Conversely, suppose that g is a complex simple Lie algebra and p is a parabolic subalgebra of abelian type of g. Then p is automatically a maximal parabolic subalgebra. It follows from [RRS] that there exists a real form g R of g such that G R /(G R ∩ P ) is a Hermitian symmetric space, where G R and P are the subgroups of the adjoint group G = Int(g) with Lie algebras g R and p. The group K := G R ∩ P is a maximal compact subgroup of G R , and its complexified Lie algebra gives a Levi factor, denoted by l, of p.
Denote by Φ (respectively, Φ + ) the set of roots (respectively, positive roots) of (g, h) . Let Φ l be the set of roots of (l, h), and let Φ u be the set of remaining roots in Φ. Put Φ
If λ ∈ h * is Φ + l -dominant integral, let F λ be the simple l-module with the highest weight λ. By letting the nilpotent radical u + act by 0, F λ is also a module for the parabolic subalgebra p. Now the generalized Verma module of g attached to p with the parameter λ is defined to be
where U (g) (respectively, U (p)) is the universal enveloping algebra of g (respectively, p). Denote by L(λ) the unique simple quotient of M g p (λ). Moreover, L(λ) is called unitarizable if it is equivalent to the g-module of K-finite vectors in a unitary representation of G. For convenience, we call a generalized Verma module attached to a parabolic subalgebra of abelian type a generalized Verma module of abelian type.
In [EHW] , the authors worked out all the parameters λ such that M g p (λ) of abelian type are reducible and L(λ) are unitarizable. However, if L(λ) is not unitarizable, it is unknown whether M g p (λ) is simple. We shall answer this question when M g p (λ) is a scalar generalized Verma module, i.e., F λ = C λ is one dimensional module of l, which is equivalent to that (λ, α) = 0 for all α ∈ Φ l , where (−, −) is the inner product on h * induced by the Killing form of g. We shall recall the techniques in [EHW] in Section 2.2. Now we can state our main result.
Theorem 1.1. Let g be a complex simple Lie algebra, and let p be a parabolic subalgebra of abelian type of g. Fix a Cartan subalgebra h ⊆ p, and choose a simple root system ∆ for (g, h) such that p contains the standard Borel subalgebra with respect to (h, ∆). Then the parameters λ ∈ h * such that M g p (λ) are reducible scalar generalized Verma modules are precisely given case by case according to the Hermitian symmetric pairs of compact type as follows.
2 (e 1 − e 2 − e 3 − e 4 − e 5 − e 6 − e 7 + e 8 ), α 2 = e 1 + e 2 , α i = e i−1 − e i−2 (3 ≤ i ≤ 6); Φ u ∩ ∆ = {α 1 }; λ = −ae 6 − ae 7 + ae 8 with a ∈ −2 + 2 3 N.
(vii) (E 7(−133) , SO(2) × E 6(−78) ): ∆ = {α i | 1 ≤ i ≤ 7} with α i (1 ≤ i ≤ 6) same as in (vi) and α 7 = e 6 − e 5 ; Φ u ∩ ∆ = {α 7 }; λ = ae 6 − 1 2 ae 7 + 1 2 ae 8 with a ∈ −8 + N.
2 Janzten's Criterion and Special Lines
Janzten's Criterion
In this section, we shall recall the irreducibility criterion due to J. C. Jantzen for generalized Verma modules. Because we focus on parabolic subalgebras of abelian type, which are automatically maximal parabolic subalgebras, we shall only state a specialization for scalar generalized Verma modules attached to maximal parabolic subalgebras p.
Retain all the notations and settings in Section 1. Set Φ
Moreover, denote by ρ half the sum of the positive roots in Φ + , and denote by W (respectively, W l ) the Weyl group of (g, h) (respectively, (l, h)).
is simple. The converse also holds if λ + ρ is regular.
The following notation is important in the statement of Jantzen's criterion. For λ ∈ h * , define
where l(ω) denotes the length of ω ∈ W l , e µ is a function on h * which takes values 1 at µ and 0 elsewhere, and
We have the following two properties:
Denote by s β the reflection of β ∈ Φ in W . Set
and then Jantzen's criterion for the scalar generalized Verma modules attached to a maximal parabolic subalgebra p is stated as follows. 
Special Lines
Let us recall the construction of special lines in [EHW] . Now p is a parabolic subalgebra of abelian type. Let γ denote the unique maximal root in Φ + . Denote by ζ the unique element in h * such that (ζ, α) = 0 for all α ∈ Φ l and < ζ, γ >= 1.
Obviously, every element λ ∈ h * can be expressed uniquely in the form λ 0 + zζ with z ∈ C and (λ 0 + ρ, γ) = 0. Hence, every element λ ∈ h * lies in some special line. In fact, given a
Because ∆ l ∪ {γ} forms a basis of h * , where ∆ l := Φ l ∩ ∆ is the simple root system of (l, h), λ 0 is uniquely determined and λ − λ 0 = zζ for a unique z ∈ C.
The following result can be found in [EHW] , which we state as a theorem here.
Theorem 2.7. For each special line λ 0 + zζ, there exists three real numbers A(λ 0 ), B(λ 0 ) and
Proof. See Theorem 2.4 and Proposition 3.1(b) in [EHW] .
We shall make full use of the values of A(λ 0 ), B(λ 0 ) and C(λ 0 ) listed in [EHW] to do computations for the Lie algebra pairs (g, p) such that g simple and p parabolic subalgebra of abelian type, case by case according to the Hermitian symmetric pairs.
Reducibility of Scalar Generalized Verma Modules of Abelian Type
In this section, we shall do computations case by case. Up to isomorphism, there are 7 complex Lie algebra pairs (g, p) such that g simple and p parabolic subalgebra of abelian type, which correspond to the Hermitian symmetric pairs of compact type:
One will see that the computations for the first two pairs are almost trivial because we do not need to use Jantzen's criterion, while the computations for the last two pairs are more involved because the root structures and Weyl groups of exceptional types are complicated. Moreover, for the pair (SO(2n), U (n)), we have to discuss separately according to the parity of n. Retain all the notations and settings in the previous two sections.
(SU(
Let g = sl(p + q, C) and let p = l + u + be a parabolic subalgebra of abelian type with
We may choose a Cartan subalgebra h ⊆ l and a simple root system
is of scalar type, an easy computation will show that λ = a
e j for some a, b ∈ C.
(
Proof. It is obvious that λ + ρ is always Φ + l -dominant integral. For i ≤ p and j > p, one computes that < λ + ρ, e i − e j >= j − i + a − b. Now the conclusion follows from Theorem 2.1 immediately.
The maximal root γ in Φ + is e 1 − e n , and it follows that ζ = q p + q
If we write λ = λ 0 + zζ in the special line, then we obtain
e j and a − b = z − p − q + 1. Now we may restate Lemma 3.1.
e j for some a, b ∈ C. Write λ = λ 0 + zζ in the special line.
Proof. Because a − b = z − p − q + 1, the conclusion follows from Lemma 3.1 immediately.
By Theorem 2.4, Lemma 7.3 and Theorem 7.4 in [EHW] , one may check that A(λ 0 ) = max{p, q}, B(λ 0 ) = p + q − 1 and C(λ 0 ) = 1 in this case.
Proof. Write λ = λ 0 + zζ in the special line, and then Lemma 3.1 ′ (1) and Theorem 2.7(1)
and Theorem 2.7(2) show that if
Let g = sp(2n, C) and let p = l+u + be a parabolic subalgebra of abelian type with l = gl(n, C).
We may choose a Cartan subalgebra h ⊆ l and a simple root system ∆ = {e i − e i+1 | 1 ≤ i ≤ n − 1} ∪ {2e n }, such that p is standard with respect to (h, ∆).
is of scalar type, an easy computation will show that λ = a n i=1 e i for some a ∈ C.
Lemma 3.3. Suppose λ = a n i=1 e i for some a ∈ C.
Proof. It is obvious that λ+ρ is always Φ + l -dominant integral. For 1 ≤ i < j ≤ n and 1 ≤ k ≤ n, one computes that < λ + ρ, e i + e j >= 2a + 2n − i − j + 2 and < λ + ρ, 2e k >= a + n − k + 1. Now the conclusion follows from Theorem 2.1 immediately.
The maximal root γ in Φ + is 2e 1 , and it follows that ζ = n i=1 e i . If we write λ = λ 0 + zζ in the special line, then we obtain λ 0 = −n n i=1 e i and a = z − n. Now we may restate Lemma 3.3.
e i for some a ∈ C. Write λ = λ 0 + zζ in the special line.
Proof. Because a = z − n, the conclusion follows from Lemma 3.3 immediately.
By Theorem 2.4, Lemma 8.3 and Theorem 8.4 in [EHW] , one may check that A(λ 0 ) = n+1 2 , B(λ 0 ) = n and C(λ 0 ) = 1 2 in this case.
Proof. Write λ = λ 0 + zζ in the special line, and then Lemma 3.3 ′ (1) and Theorem 2.7(1) show
On the other hand, Lemma 3.3 ′ (2) and Theorem
3.3 (SO(2n + 1), SO(2) × SO(2n − 1)) for n ≥ 2
Let g = so(2n + 1, C) and let p = l + u + be a parabolic subalgebra of abelian type with l = so(2, C) ⊕ so(2n − 1, C). We may choose a Cartan subalgebra h ⊆ l and a simple root system ∆ = {e i − e i+1 | 1 ≤ i ≤ n − 1} ∪ {e n }, such that p is standard with respect to (h, ∆).
is of scalar type, an easy computation will show that λ = ae 1 for some a ∈ C.
Lemma 3.5. Suppose λ = ae 1 for some a ∈ C.
Proof. It is obvious that λ + ρ is always Φ + l -dominant integral. For 2 ≤ j ≤ n, one computes that < λ + ρ, e 1 + e j >= a + 2n − j and < λ + ρ, e 1 − e j >= a + j − 1. Moreover, < λ + ρ, e 1 >= 2a + 2n − 1. Now the conclusion follows from Theorem 2.1 immediately.
The maximal root γ in Φ + is e 1 + e 2 , and it follows that ζ = e 1 . If we write λ = λ 0 + zζ in the special line, then we obtain λ 0 = (2 − 2n)e 1 and a = z − 2n + 2. Now we may restate Lemma 3.5.
Lemma 3.5 ′ . Suppose λ = ae 1 for some a ∈ C. Write λ = λ 0 + zζ in the special line.
Proof. Because a = z − 2n + 2, the conclusion follows from Lemma 3.5 immediately.
By Theorem 2.4, Lemma 11.3 and Theorem 11.4 in [EHW] , one may check that A(λ 0 ) = n− 1 2 , B(λ 0 ) = 2n − 2 and C(λ 0 ) = n − 3 2 in this case. Proposition 3.6. Suppose λ = ae 1 for some a ∈ C. Write λ = λ 0 + zζ in the special line. If
Proof. Because a = z − 2n + 2, in fact we already computed that < λ + ρ, e 1 + e j >= z − j + 1, < λ + ρ, e 1 − e j >= z − 2n + j + 1 for 2 ≤ j ≤ n, and < λ + ρ, e 1 >= 2z − 2n + 3. If z ∈ Z and A(λ 0 ) = n − 1 2 < z < B(λ 0 ) = 2n − 2, then
2 )e i , we have that (s e1+ej (λ + ρ), e 2n−z−1 + e j ) = 0 for 2 ≤ j ≤ n and j = 2n − z − 1. It follows that s e1+ej (λ + ρ) is Φ l -singular for 2 ≤ j ≤ n and j = 2n − z − 1, so Y (s e1+ej (λ + ρ)) = 0 for 2 ≤ j ≤ n and j = 2n − z − 1 by Proposition 2.2(1). Similarly, we have (s e1−ej (λ+ρ), e 2n−z−1 −e j ) = 0 for 2n−z−1 < j ≤ n, so Y (s e1−ej (λ+ρ)) = 0 for 2n − z − 1 < j ≤ n. On the other hand, it is easy to check that s e1+e2n−z−1 (λ + ρ) and s e1 (λ+ρ) are Φ l -regular integral, and hence Y (s e1+e2n−z−1 (λ+ρ)) = 0 and Y (s e1 (λ+ρ)) = 0 by Corollary 2.3. Moreover, because s e1+e2n−z−1 (λ + ρ) = s e2n−z−1 s e1 (λ + ρ) and s e2n−z−1 ∈ W l is of odd length, it follows from Proposition 2.2(2) that Y (s e1+e2n−z−1 (λ+ρ))+Y (s e1 (λ+ρ)) = 0. Now
Theorem 3.7. Suppose λ = ae 1 for some a ∈ C. Then M g p (λ) is reducible if and only if a ∈ N ∪ ( 3 2 − n + N).
Proof. Write λ = λ 0 + zζ in the special line, and then Lemma 3.5 ′ (1), Proposition 3.6 and
Let g = so(2n, C) and let p = l + u + be a parabolic subalgebra of abelian type with l = so(2, C) ⊕ so(2n − 2, C). We may choose a Cartan subalgebra h ⊆ l and a simple root system ∆ = {e i − e i+1 | 1 ≤ i ≤ n − 1} ∪ {e n−1 + e n }, such that p is standard with respect to (h, ∆).
Lemma 3.8. Suppose λ = ae 1 for some a ∈ C.
Proof. It is obvious that λ + ρ is always Φ + l -dominant integral. For 2 ≤ j ≤ n, one computes that < λ + ρ, e 1 + e j >= a + 2n − j − 1 and < λ + ρ, e 1 − e j >= a + j − 1. Now the conclusion follows from Theorem 2.1 immediately.
The maximal root γ in Φ + is e 1 + e 2 , and it follows that ζ = e 1 . If we write λ = λ 0 + zζ in the special line, then we obtain λ 0 = (3 − 2n)e 1 and a = z − 2n + 3. Now we may restate Lemma 3.8.
Lemma 3.8 ′ . Suppose λ = ae 1 for some a ∈ C. Write λ = λ 0 + zζ in the special line.
Proof. Because a = z − 2n + 3, the conclusion follows from Lemma 3.8 immediately.
By Theorem 2.4, Lemma 10.3 and Theorem 10.4 in [EHW] , one may check that A(λ 0 ) = n−1, B(λ 0 ) = 2n − 3 and C(λ 0 ) = n − 2 in this case.
Proposition 3.9. Suppose λ = ae 1 for some a ∈ C. Write λ = λ 0 + zζ in the special line. If
Proof. Because a = z −2n+3, in fact we already computed that < λ+ρ, e 1 +e j >= z −j +2 and < λ+ρ, e 1 −e j >= z−2n+j+2 for 2 ≤ j ≤ n. If z ∈ Z and A(λ 0 ) = n−1 < z < B(λ 0 ) = 2n−3, then
(n − i)e i , we have that (s e1+ej (λ + ρ), e 2n−z−2 + e j ) = 0 for 2 ≤ j ≤ n and j = 2n − z − 2. It follows that s e1+ej (λ + ρ) is Φ l -singular for 2 ≤ j ≤ n and j = 2n − z − 2, so Y (s e1+ej (λ + ρ)) = 0 for 2 ≤ j ≤ n and j = 2n − z − 2 by Proposition 2.2(1). Similarly, we have (s e1−ej (λ + ρ), e 2n−z−2 − e j ) = 0 for 2n − z − 2 < j ≤ n, so Y (s e1−ej (λ + ρ)) = 0 for 2n − z − 2 < j ≤ n. On the other hand, it is easy to check that s e1+e2n−z−2 (λ + ρ) is Φ l -regular integral, and hence Y (s e1+e2n−z−2 (λ + ρ)) = 0 by Corollary 2.3. Now 
(SO(2n), U(n)) for n ≥ 2
Let g = so(2n, C) and let p = l+u + be a parabolic subalgebra of abelian type with l = gl(n, C). We may choose a Cartan subalgebra h ⊆ l and a simple root system ∆ = {e i − e i+1 | 1 ≤ i ≤ n − 1} ∪ {e n−1 + e n }, such that p is standard with respect to (h, ∆). Then ∆ l = {e i − e i+1 | 1 ≤ i ≤ n − 1} and Φ
If M g p (λ) is of scalar type, an easy computation will show that λ = a n i=1 e i for some a ∈ C.
Lemma 3.11. Suppose λ = a n i=1 e i for some a ∈ C.
Proof. It is obvious that λ + ρ is always Φ + l -dominant integral. For 1 ≤ i < j ≤ n, one computes that < λ + ρ, e i + e j >= 2a + 2n − i − j. Now the conclusion follows from Theorem 2.1 immediately.
The maximal root γ in Φ + is e 1 + e 2 , and it follows that ζ = 1 2 n i=1 e i . If we write λ = λ 0 + zζ in the special line, then we obtain λ 0 = (
e i and z = 2a + 2n − 3. Now we may restate Lemma 3.11.
Lemma 3.11
Proof. Because z = 2a + 2n − 3, the conclusion follows from Lemma 3.11 immediately.
By Theorem 2.4, Lemma 9.3 and Theorem 9.4 in [EHW] , one may check that B(λ 0 ) = 2n − 3 and C(λ 0 ) = 2 in this case. The value of A(λ 0 ) depends on the parity of n. If n is even, and A(λ 0 ) = n − 1; and if n is odd, A(λ 0 ) = n.
Proposition 3.12. Suppose λ = a n i=1 e i for some a ∈ C. Write λ = λ 0 + zζ in the special
Proof. Let us assume that n is even, and then A(λ 0 ) = n− 1. Since Proposition 3.1(b), Lemma 9.3 and Theorem 9.4 in [EHW] imply that if z = A(λ 0 ) + 2k for k ∈ N and z ≤ B(λ 0 ), then M g p (λ) is reducible. Here we only need to check z = A(λ 0 ) + 2k + 1 = n + 2k for k ∈ N and 0 ≤ k ≤ n 2 − 2.
Because z = 2a + 2n − 3, in fact we already computed that < λ + ρ, e i + e j >= n + 2k
It is easy to see that c i + c j = 0 for i + j = n + 2k + 3. Thus, if j ≥ 2k + 3, since i + j = n + 2k + 3, then (s ei+ej (λ + ρ), e i − e n+2k+3−j ) = 0. It follows that s ei+ej (λ + ρ) is Φ l -singular, so Y (s ei+ej (λ + ρ)) = 0 by Proposition 2.2(1). Hence, we only need to consider i < j < 2k + 3. It is obvious that s e1+e2 (λ + ρ) is Φ l -regular integral, and then Y (s e1+e2 (λ + ρ)) = 0 by Corollary 2.3. For i < j < 2k + 3 and e i + e j = e 1 + e 2 , we claim that there does not exist ω ∈ W l of odd length such that s e1+e2 (λ + ρ) = ωs ei+ej (λ + ρ), so Y (s e1+e2 (λ + ρ)) cannot be cancelled out in β∈S λ Y (s β (λ + ρ)) by Proposition 2.5, and hence the conclusion holds by Theorem 2.4. In fact, let us consider the ordered set (c 1 , c 2 , . . . , c n ). It is easy to see that the coefficients c m for 1 ≤ m ≤ n are all different with each other and the absolute value |c m | for 1 ≤ m ≤ 2k + 2 are all different with each other. Hence, for each i < j < 2k + 3, s ei+ej acting on λ + ρ just corresponds to a permutation on the first 2k + 2 coefficients if we ignore their signs. Now assume that there exists ω ∈ W l such that s e1+e2 (λ + ρ) = ωs ei+ej (λ + ρ). Both s e1+e2 and s ei+ej fix c m for m ≥ 2k + 3, and so does ω. Because W l is just the symmetric group S n on the coefficients, it follows that ω must be a permutation of even order of the first 2k + 2 coefficient. The claim holds, and the conclusion for n even is proved.
The proof for n odd is parallel. If n is odd, then A(λ 0 ) = n, and we need to check z = n+2k +1 for k ∈ N and 0 ≤ k ≤ n−5 2 . It is computed that
Finally, Y (s e1+e2 (λ + ρ)) = 0 cannot be cancelled out in
Theorem 3.13. Suppose λ = a 
(E 6(−78) , SO(2) × SO(10))
Let g = e 6 and let p = l + u + be a parabolic subalgebra of abelian type with l = so(2, C) ⊕ so(10, C). We may choose a Cartan subalgebra h ⊆ l and a simple root system ∆ = {α i | 1 ≤ i ≤ 6} given by the Dynkin diagram of Figure 1 such that p is standard with respect to (h, ∆).
Embed h * into the subspace V = {v ∈ R 8 | (v, e 6 − e 7 ) = (v, e 7 + e 8 ) = 0} of R 8 , and let
2 (e 1 − e 2 − e 3 − e 4 − e 5 − e 6 − e 7 + e 8 ), α 2 = e 1 + e 2 , α i = e i−1 − e i−2 for 3 ≤ i ≤ 6. Then
Moreover, we have ρ = e 2 + 2e 3 + 3e 4 + 4e 5 − 4e 6 − 4e 7 + 4e 8 .
If M g p (λ) is of scalar type, an easy computation will show that λ = −ae 6 − ae 7 + ae 8 for some a ∈ C.
Lemma 3.14. Suppose λ = −ae 6 − ae 7 + ae 8 for some a ∈ C.
Proof. It is obvious that λ + ρ is always Φ
. Now the conclusion follows from Theorem 2.1 immediately.
The maximal root γ in Φ + is 1 2 (e 1 + e 2 + e 3 + e 4 + e 5 − e 6 − e 7 + e 8 ), and it follows that ζ = 2 3 (−e 6 − e 7 + e 8 ). If we write λ = λ 0 + zζ in the special line, then we obtain λ 0 = − 22 3 e 6 − 22 3 e 7 + 22 3 e 8 and a = 2z+22 3 . Now we may restate Lemma 3.14.
Lemma 3.14 ′ . Suppose λ = −ae 6 − ae 7 + ae 8 for some a ∈ C. Write λ = λ 0 + zζ in the special line.
Proof. Because a = 2z+22 3 , the conclusion follows from Lemma 3.14 immediately.
By Theorem 2.4, Lemma 12.3 and Theorem 12.4 in [EHW] , one may check that A(λ 0 ) = 8, B(λ 0 ) = 11 and C(λ 0 ) = 3 in this case.
Proposition 3.15. Suppose λ = −ae 6 − ae 7 + ae 8 for some a ∈ C. Write λ = λ 0 + zζ in the special line. If z = 9, then M g p (λ) is reducible. Coefficients of e i for 1 ≤ i ≤ 5 of s β (λ + ρ) for β ∈ S λ with z = 9 β e 1 e 2 e 3 e 4 e 5 + + + + + − 1 2 (
We need to compute s β (λ+ρ). Here λ+ρ = e 2 +2e 3 +3e 4 +4e 5 +(a−4)e 6 +(b−4)e 7 +(c+4)e 8 . We do not need to work out all the coefficients, but only the coefficients of e i for 1 ≤ i ≤ 5. Moreover, we use five "+" and "−" symbols to indicate the parity of v(i) for 1 ≤ i ≤ 5 in β, where "+" corresponds to v(i) even and "−" corresponds to v(i) odd. For example, "+ + − − +" represents 1 2 (e 1 + e 2 − e 3 − e 4 + e 5 − e 6 − e 7 + e 8 ), and "− − − − −" represents 1 2 (−e 1 − e 2 − e 3 − e 4 − e 5 − e 6 − e 7 + e 8 ).
According to Table 1 , it is immediate that s β (λ + ρ) is Φ l -regular integral precisely when β is represented by "+ + + + +", "− − + + +", "+ − − + +", "+ − + − +" or "+ − + + −". Because the elements in W l do not change the parity of the number of the positive coefficients and do not change the number of 0, it follows that there does not exist ω ∈ W l and β not represented by "+++++" such that s β (λ+ρ) = ωs β0 (λ+ρ) for β 0 represented by "+++++". Therefore, Y (s β0 (λ + ρ)) cannot be cancelled out in Coefficients of e i for 1 ≤ i ≤ 5 of s β (λ + ρ) for β ∈ S λ with z = 10 β e 1 e 2 e 3 e 4 e 5 + + + + + −5 −4 −3 −2 −1 − − + + + λ + ρ, 1 2 ( Similar to Proposition 3.15, we need to compute the coefficients of e i for 1 ≤ i ≤ 5 of s β (λ + ρ).
According to Table 2 , it is immediate that s β (λ+ρ) is Φ l -regular precisely when β is represented by "+ + + + +", "− − + + +", "− + − + +", "− + + − +" or "− + + + −". For the same reason as in Proposition 3.15, Y (s β0 (λ + ρ)) for β 0 represented by "− + + − +" cannot be cancelled out in β∈S λ Y (s β (λ + ρ)) by Proposition 2.5, and hence the conclusion holds by Theorem 2.4.
Theorem 3.17. Suppose λ = −ae 6 − ae 7 + ae 8 for some a ∈ C. Then M 3.7 (E 7(−133) , SO(2) × E 6(−78) ) Let g = e 7 and let p = l + u + be a parabolic subalgebra of abelian type with l = so(2, C) ⊕ e 6 . We may choose a Cartan subalgebra h ⊆ l and a simple root system ∆ = {α i | 1 ≤ i ≤ 7}
given by the Dynkin diagram of Figure 2 such that p is standard with respect to (h, ∆). Then
Figure 2: Dynkin diagram of E 7 .
Embed h * into the subspace V = {v ∈ R 8 | (v, e 7 + e 8 ) = 0} of R 8 , and Φ + l equals the full set of the positive roots of e 6 as in Section 3.6, while α 7 = e 6 − e 5 and
Moreover, we have ρ = e 2 + 2e 3 + 3e 4 + 4e 5 + 5e 6 − Lemma 3.18. Suppose λ = ae 6 − 1 2 ae 7 + 1 2 ae 8 for some a ∈ C.
Proof. It is obvious that λ+ρ is always Φ + l -dominant integral. Firstly, < λ+ρ, e 8 −e 7 >= a+17.
Secondly, < λ + ρ, e 6 ± e i >= a + 5 ± (i − 1) for 1 ≤ i ≤ 5. Thirdly, for 1 2 (
). Now the conclusion follows from Theorem 2.1 immediately.
The maximal root γ in Φ + is e 8 − e 7 , and it follows that ζ = e 6 − 1 2 e 7 + 1 2 e 8 . If we write λ = λ 0 + zζ in the special line, then we obtain λ 0 = −17e 6 + 17 2 e 7 − 17 2 e 8 and a = z − 17. Now we may restate Lemma 3.18.
Lemma 3.18
′ . Suppose λ = ae 6 − 1 2 ae 7 + 1 2 ae 8 for some a ∈ C. Write λ = λ 0 + zζ in the special line.
Proof. Because a = z − 17, the conclusion follows from Lemma 3.18 immediately.
By Theorem 2.4, Lemma 13.3 and Theorem 13.4 in [EHW] , one may check that A(λ 0 ) = 9, B(λ 0 ) = 17 and C(λ 0 ) = 4 in this case.
Actually, we only need to check z ∈ {10, 11, 12, 14, 15, 16}. However, the Weyl group of W l is too complicated. It is hard to verify whether a term Y (s β (λ + ρ)) will cancel out by means of Theorem 2.5. Therefore, we need to solve this problem in other way.
Let α u be the unique simple root in Φ + u , and denote by θ u the fundamental weight of α u .
Lemma 3.19. Suppose µ, ν ∈ h * . If µ = ων for some ω ∈ W l , then (µ, θ u ) = (ν, θ u ).
= 0 for all α ∈ ∆ l . On the other hand, ω −1 α u = α u + β for some β ∈ span Z ∆ l , and it follows that Proof. The only simple root in Φ + u is α 7 = e 6 − e 5 , and the fundamental weight θ 7 of α 7 is e 6 − 1 2 e 7 + 1 2 e 8 . It is easy to write down that λ + ρ = e 2 + 2e 3 + 3e 4 + 4e 5 + (a + 5)e 6 − a+17 2 e 7 + a+17 2 e 8 . In order to apply Lemma 3.19, we need to compute (s β (λ + ρ), θ 7 ) for β ∈ Φ + u . It is almost immediate to work out that (s e6±ei (λ + ρ), θ 7 ) = a + 17 2
for 1 ≤ i ≤ 5 and (s e8−e7 (λ + ρ), θ 7 ) = a − 7 2 .
As to the roots in { 1 2 (
v(i) odd}, let us still use the symbol as in Proposition 3.15. Because θ 7 involves e 6 , e 7 and e 8 only, we just write down the coefficients of these three basis for each s β (λ + ρ). The values are listed in Table 3 . According to Table 3 , it is immediate that (s e8−e7 (λ + ρ),
for 1 ≤ i ≤ 5. Hence by Lemma 3.19, there does not exist ω ∈ W l such that ωs e8−e7 (λ + ρ) equals s β (λ + ρ) for any other β ∈ Φ + u . On the other hand, if z ∈ {12, 14, 15, 16}, then < λ + ρ, e 8 − e 7 >= a + 17 = z ∈ Z + , so e 8 − e 7 ∈ S λ .
What remains to prove is that Y (s e8−e7 (λ + ρ)) = 0, and then Y (s e8−e7 (λ + ρ)) does not cancel out by Proposition 2.5, so the conclusion follows from Theorem 2.4. In fact, it is obvious that Proof. Recall that λ + ρ = e 2 + 2e 3 + 3e 4 + 4e 5 + (a + 5)e 6 − a+17 2 e 7 + a+17 2 e 8 . Assume z = 10 first, and then a = z −17 = −7. Recall in the proof of Proposition 3.20 that (s e8−e7 (λ+ρ), α) = Thus s e8−e7 (λ + ρ) is Φ l -singular. Next consider s e6±ei (λ + ρ) for 1 ≤ i ≤ 5. If i = 3, then (s e6±ei (λ + ρ), e 2 ± e i ) = 0. Hence s e6±ei (λ + ρ) is Φ l -regular only if i = 3. But < λ + ρ, e 6 ± e 3 > / ∈ Z + , so e 6 ± e 3 / ∈ S λ . Therefore, we only need to consider the roots in Φ (−1) v(i) e i + e 6 − e 7 + e 8 ) | Table 4 : Coefficients of e i for 1 ≤ i ≤ 5 of s β (λ + ρ) β e 1 e 2 e 3 e 4 e 5 − + + + + s β0 (λ + ρ) = ωs β (λ + ρ) for any other root β chosen from the 5 roots. By Proposition 2.5 and Theorem 2.4, the conclusion holds in the case of z = 10.
The proof for z = 11 is parallel. One will show that the only possible roots β such that s β (λ+ρ) are Φ l -regular in S λ are just those represented by "− + + + +", "+ − + + +", "+ + − + +", "+ + + − +" and "+ + + + −", and the root represented by "+ − + + +" can be chosen as a root as β 0 in the case of z = 10. 
